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§2) 5) Let 2 = xx + iyx, where k = 1,2. Then

2129 = (11 + iy1) (w2 + iy2)
= 1122 — Y12 + (T1Y2 + T2y1)
= 2221 — You1 + i(22y1 + T1y2)
(by the commutativity of addition and multiplication of real numbers)
= (z2 +iy2)(z1 +iy1)

= Z22%1-
Hence multiplication of complex number is commutative.
§2) 6) (a) Let zx = x) + iyx, where k = 1,2,3. Then

(21 + 22) + 23 = [(z1 + iy1) + (w2 + iy2)] + (23 + iy3)
(1 +z2) +i(y1 +y2)) + (23 +iys)

= ((z1 +22) +23) +i((y1 + y2) +y3)

= (21 + (w2 + 3)) +i(y1 + (y2 + ¥3))

(by the associativity of addition of real numbers)

= (z1 +iy1) + ((v2 + 23) +i(y2 + y3))
= (w1 +iy1) + [(z2 + dy2) + (23 + iy3)]
21+ (22 + 23)

Hence addition of complex number is associative.

(b) Let z = x + iy and zx = xx + iyx, where k = 1,2. Then

2(z1 + 22) = (x + ) [(z1 + iy1) + (T2 + 1y2)]
= (z+iy) (w1 + 22) + 1(y1 + y2))
= z(z1 + 22) —y(y1 +y2) +i(z(yr +y2) + (21 + 22)y)
= [z21 —yy1 +i(zyr + 21y)] + [222 — Yy + i(2y2 + 22Y)]

= 2z21 + 2292

Hence the distributive law is true for complex number.



§3) 8) First of all, note that for any m, k € N with k < m,
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Let P(n) be the following proposition:

if z; and 29 are any two nonzero complex numbers, then
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When n =1, P(1) is clearly true.
Assume that P(m) is ture fore some m € N, i.e.

if z; and 29 are any two nonzero complex numbers, then
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Hence P(m + 1) is true. By M.I., P(n) is true V n € N.



85) 4) Let z = x + dy. Note that

([ = ly[)* > 0
= |zf* = 2z[ly| + y[> > 0
= |z + |y|* > 2|x[y|
= 2|z + [y[?) > [af* + 2|2|ly| + |y|®
= 2(|z]) > (|Re(2)| + [Tm(z)|)

Since 2|z| and | Re(z)| + | Im(z)| are both non-negative, we have
V2|2| > |Re(2)| + | Tm(2)]

§5) 5) The following pictures are drawn by Geogebra (https://www.geogebra.org/classic)
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§6) 9) Note that 2* — 422 + 3 = (22 — 1)(22 — 3). By triangle inequality, for |z| = 2 we have

|22 =1 > -1=2-1=(2?-1=3

and
|22 = 3| > -3=2>-3=(2*-3=1.
Therefore,
1 _ 1 _ L1
24— 42243 |22 —-1|[22-3] — (3)(1)
§6) 15)  a)

|21 + ;;2|2 = (21 + 22)(21 + 22)

(21 + 22) (71 + 22)
= 2121 + 21722 + 2221 + 2222

=2171 + (2172 + 2122) + 2272
b) For any complex number z = x + iy, we have

z+Z =2z =2Re(z)

z < |z = V|22 < V]z? + |y = |2

As a result,
21Z2 + 2122 = 2Re(21722) (by (1))
< 2|z |z (by (2))
= 2|z1]| 22




¢) By (a) and (b), we have

|21 + 2P = 217 + (1 + 2122) + 2272
<z + 2|z |22] + |22]?

= (|21 + |22])*.

Since both |z1 + 22| and |z1| + |22| are non-negative, we have

§9) 9) Note that

|21 + 22| < |z1]| + |22].

A+z+224+ 421 —2)=14z2+22+ 42" —2z-22 -3 —...

Since z # 1, we have

Put z = €?, we have
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Note that the real part of LHS is given by

1+ cosf + cos20 + - - - + cosnb.

On the other hand, the RHS is given by
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Hence the real part of RHS is given by
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By comparing the real part of (x), we get the Lagrange’s trigonometric identity.

§9) 10) Note that

cos 360 + i sin 30

_ 30

_ (ei9)3

= (cosf +isinf)?

= cos® 0 + 3icos? Osind — 3cosHsin® 6 — isin’ 0

= (cos® § — 3 cos fsin? ) + (3 cos? O sin § — sin® §)



a) By comparing the real part of the above equation, we have
cos 36 = cos® § — 3 cos O sin? 6.

b) By comparing the imaginary part of the above equation, we have

sin 30 = 3 cos® fsin f — sin® 6.



